Abstract. We prove Fujita's spectrum conjecture on the discreteness of pseudoeffective thresholds for polarized varieties.
Introduction
Let X be a smooth projective variety over C. The minimal model program has set a now standard way to study the geometry of X through the use of several cones of divisors associated to the variety. For example, if we want to understand varieties with non-nef canonical class, we consider the cone of nef divisors Nef(X) and we try to estimate how far is the canonical class of X from the cone. A way of measuring that is given by the nef threshold of an ample divisor H with respect to X. Roughly speaking, we fix a rational point in the interior of Nef(X) and we study when the line connecting the point and the class of K X meets the boundary of Nef(X). Letting the ample divisor H vary, we can deduce important information on some parts of Nef(X). This is the idea behind the Cone Theorem, which is basically equivalent to the statement that the nef threshold is always a rational number with bounded numerator. Theorem 1.1. [KM98, Theorem 3.5] Let X be a smooth projective variety and let H be an ample divisor. Let n(X, H) = inf{t ≥ 0 | K X + tH ∈ Nef(X)}. Then n(X, H) is a rational number with numerator bounded by dim(X) + 1.
In particular, the set of nef thresholds is finite away from 0. Theorem 1.1 is a fundamental result in birational geometry and it is the start of the minimal model program. We refer to [KM98] for a proof of the theorem and much more on the subject.
For a different set of problems, it is more useful to understand the geometry of the cone of pseudo-effective divisors Eff(X). It is defined as the closure of the convex cone spanned by the classes of all effective R-divisors in N 1 (X) R . Moreover, the interior of Eff(X) is the cone of big divisors Big(X), i.e. divisors with maximal Kodaira dimension. We can similarly define the pseudo-effective threshold to be τ (X, H) = inf{t ≥ 0 | K X + tH ∈ Eff(X)}. It is again a way of measuring how far is the canonical class from the cone of pseudo-effective divisors and in particular, it is of interest only for varieties with not pseudo-effective canonical class, or equivalently for uniruled varieties. Fujita realized that in order to study the adjunction theory for polarized varieties we need an analogue of Theorem 1.1 for the cone of pseudo-effective divisors. In his famous papers [Fuj92] and [Fuj95] , he conjectured that the set of pseudo-effective thresholds should behave in a similar way to the set of nef thresholds and, more precisely, it should be finite away from 0 as well. This is known as Fujita's spectrum conjecture and its proof is the main result of this paper. Theorem 1.2. Fix n ≥ 1. Let S n be the set of pseudo-effective thresholds τ (X, H) of an ample divisor H with respect to a smooth variety X. Then S n ∩ [ǫ, ∞) is a finite set for any ǫ > 0.
The proof of the above theorem relies on the new results obtained by Birkar in [Bir16] on boundedness of certain Fano varieties and an appropriate modification of the techniques in [DiC12] .
It seems an extremely hard problem to effectively bound the numerator of the pseudo-effective thresholds as in Theorem 1.1. Moreover, since we are dealing with Eff(X), it seems natural to relax the positivity assumption and work with just a big divisor H. We show that in this case the discreteness of the set fails. Theorem 1.3. Fix n ≥ 3. Then the set of pseudo-effective thresholds τ (X, H) of a big divisor H with respect to a smooth variety X is dense in R ≥0 .
It would be interesting to understand what kind of real numbers appear as pseudo-effective thresholds of big divisors. This should be connected to the results and conjectures in [KLM13] . Moreover, it is not clear if Theorem 1.3 holds for surfaces. The existence of the Zariski decomposition and a very general minimal model program for surfaces, established by Fujino in [Fuj12] , imply strong restrictions on the set of pseudo-effective thresholds. See Corollary 4.3 for more details.
The set S n appearing in Theorem 1.2 has been extensively studied. In [BCHM10] , it is shown that S n is contained in the rational numbers. In [DiC12] , the author proved that there are no increasing sequences in S n . Already those theorems have many applications and they provide important boundedness and effective birationality results, see [DiC14] and [HMX14] for more details. Finally, Theorem 1.2 was already known for toric varieties [Paf13] .
The dual statement of Theorem 1.2 should allow us to prove a cone theorem for movable curves as the one in [Ara10] and [Leh12] . It would be interesting to understand if Theorem 1.2 implies a discreteness statement for extremal rays of the cone of movable curves. Moreover, Theorem 1.2 has applications to number theory as well. For example, in [Bat98] and [Tsc03] , Fujita's spectrum conjecture is used to compute the asymptotic of the number of rational points with bounded height on projective varieties.
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Preliminaries
Even if the statement of Theorem 1.2 involves only smooth varieties, in the proof we will need to work with a special class of singular varieties. Let us recall some definitions from the minimal model program.
For us a pair (X, ∆) is always the data of a normal projective variety X defined over C and a R-Weil divisor ∆ such that K X + ∆ is R-Cartier. For any birational morphism f : Y → X from a normal variety Y , we can write
where the sum runs over irreducible exceptional divisors of f and the components of f −1 * ∆. The number a(E, X, ∆) is called the discrepancy of E with respect to the pair (X, ∆). We will allow some type of singularities of the pair.
Definition 2.1. Let (X, ∆) be a pair with coefficients of ∆ in [0, 1]. We say that (X, ∆) is ǫ-lc if there exists a real number ǫ ≥ 0 such that for any log resolution of singularities f : Y → X, the discrepancy a(E, X, ∆) ≥ −1 + ǫ for any divisor E.
We can easily recover the classical definitions of singularities in the minimal model program. For example, a 0-lc pair is a lc pair and if (X, ∆) is ǫ-lc for some ǫ > 0 then (X, ∆) is klt.
We will use the minimal model program as established in [BCHM10] . More precisely, we will need the following result which is a combination of Theorem 1.2 and Corollary 1.3.3 in [BCHM10] . We refer to the original paper for the necessary definitions and the details of the proof.
Theorem 2.2. Let (X, ∆) be a klt pair. Then
(1) if K X +∆ is pseudo-effective and ∆ is big then (X, ∆) has a minimal model, or (2) if K X + ∆ is not pseudo-effective we can run a K X + ∆-MMP and end with a Mori fiber space.
It was already observed by Fujita, that Theorem 1.2 is closely related to some boundedness statements. For example, he showed in [Fuj96] that the theorem is a consequence of the BAB conjecture. In [DiC12] , we derived the ascending chain condition for S n using boundedness results on a suitable class of log CalabiYau pairs obtained in [HMX14] . In this paper, we will use the following theorem obtained recently by Birkar [Bir16] . (1) (X, ∆) is ǫ-lc of dimension n, (2) ∆ is big with K X + ∆ ∼ R 0, and (3) the coefficients of ∆ are more than or equal to δ.
Then the set of such X is a bounded family.
Recall that a set D of varieties is bounded is there exists a projective morphism Z → T , where T is of finite type, such that for any X ∈ D there exist a closed point in t ∈ T and an isomorphism Z t → X.
Fujita's spectrum conjecture
In this section we prove Theorem 1.2. As we mentioned above we will need to work with a suitable set of singular pairs.
Definition 3.1. Fix a positive integer n, a positive real number ǫ and a finite set I ⊂ [0, 1]. We define D n (ǫ, I) to be the set of lc pairs (X, ∆) such that:
(1) X is a normal projective variety of dimension n, (2) ∆ is a big divisor with coefficients in I, and (3) (X, t∆) is ǫ-lc and K X + t∆ is pseudo-effective for some 0 ≤ t ≤ 1.
It was already observed in [DiC12] that condition (3) is necessary for our purposes. Moreover, Theorem 1.3 shows that we cannot avoid a condition involving the singularities of the pair. On the other hand, here we assume ∆ to be a big divisor just to avoid a technical problem in the proof of Theorem 3.3, see the remark after the proof, but it shouldn't be necessary.
We will study only pseudo-effective thresholds coming from pairs in D n (ǫ, I). A similar argument as in [DiC12] provides a structure theorem for the set of pseudo-effective thresholds, see Theorem 1.6 there. On the other hand, the ǫ-lc condition is quite tricky and we need to be more careful in the proof. Proof. First, we will show that for any pair (X, ∆) ∈ D n (ǫ, I) there exists another pair (F, ∆ F ) ∈ D j (ǫ, I) with j ≤ n and ρ(F ) = 1 such that τ = τ (X, ∆) = τ (F, ∆ F ). By Corollary 1.37 in [Kol13] , (X, ∆) admits a small Q-factorial model in D n (ǫ, I) with same pseudo-effective threshold, since the map is small. In particular, we can assume that X is a Q-factorial variety.
By definition D n (ǫ, I), we know that (X, τ ∆) is ǫ-lc, K X + τ ∆ is pseudo-effective and ∆ is big. In particular, by Theorem 2.2, we can run a K X + τ ∆-MMP and end up with a minimal model. So we assume that K X + τ ∆ is nef.
For each x < τ we can run a K X + x∆-MMP, again using Theorem 2.2, and obtain a birational map f : X Y x , where Y x is Mori fiber space Y x → Z x . Let F x be the generic fiber and ∆ Fx = (f * ∆)| Fx . By construction, we have that x < τ (F x , ∆ Fx ) ≤ τ . Each step of the minimal model program is K X + x∆-negative and, if x is sufficiently close to τ , it is K X + τ ∆-trivial. In other words, we are running a K X + x∆-MMP with scaling of ∆ since K X + τ ∆ is nef. See [Ara10] for a nice introduction on the MMP with scaling. The usual argument with the negativity lemma, as in [KM98] , implies that a(E, Y x , τ f * ∆) ≥ a(E, X, τ ∆), where E is f -exceptional. In particular, we can assume that (F, τ ∆ F ) is ǫ-lc as well.
Let {x i } be an increasing sequence of rational numbers x i < τ converging to τ . For simplicity denote F i = F xi and similarly ∆ i = ∆ Fi . By the above argument, we can pass to a subsequence and assume that all the pairs (F i , τ ∆ i ) are ǫ-lc. Moreover, the coefficients of x i ∆ i are in a DCC set since the coefficients of ∆ i are in a fixed finite set, recall that ∆ is fixed. In particular, the sequence {τ (F i , ∆ Fi )} in an increasing sequence converging to τ and by the ACC for pseudo-effective thresholds proved in [DiC12], we know that for i large enough τ (
The other inclusion can be proved by taking X × E, where E is an elliptic curve. It is easy to show that τ (X, ∆) = τ (X × E, ∆ × E).
Remark 3.4. The ǫ-lc condition is preserved as long as the map f , constructed above, is K X + τ ∆-trivial. In [DiC12], we avoided the problem using the ACC of log canonical thresholds. In this case the same proof will provide us that the fibers are lc, which is not enough for the purposes of this paper. Here, we added the condition that ∆ is big, so that we can run a K X + τ ∆-MMP and then deduce the necessary statement. Without that assumption, it is not clear that we can control uniformly the singularities of the fibers of the Mori fiber space. Note that a similar issue was pointed out also by Gongyo in [Gon15] .
The above theorem implies that problems involving the pseudo-effective threshold of a pair can be reduced to varieties with Picard number 1. 
As before, we can assume that X is Q-factorial. By assumption, (X, τ ∆) is still ǫ-lc, K X + τ ∆ ≡ 0 and the coefficients of τ ∆ are uniformly bounded from below, because τ ≥ η > 0. By Theorem 2.3, the set of all such X's is a bounded family. In particular, there is a natural number i, independent of X, such that iK X is Cartier. Moreover, we can choose a very ample divisor A such that −K X · A n−1 ≤ M for some uniform M . In fact, we can choose
A to be a fixed multiple of −iK X , again by boundedness. Since K X + τ ∆ ≡ 0, we have that i(τ ∆) · A n−1 is an integer uniformly bounded from above. Since, τ is bounded away from 0, ∆ · A n−1 is uniformly bounded from above as well. Let d be an integer such that dx is an integer for any x ∈ I. In particular, d∆ is an integral divisor for any ∆ appearing in T o n (ǫ, I). We can choose A n−1 to be represented by a cycle in the smooth locus of X so that d∆ · A n−1 is an integer. In particular, there exists a finite set I ′ , independent of X, such that −K X · A n−1 ∈ I ′ and ∆ · A n−1 ∈ I ′ . This implies that
∆ · A n−1 must belong to a fixed finite set as well.
Combining Theorem 3.3 and the above result we obtain the following. We can now prove our main result.
Proof of Theorem 1.2. Suppose, by contradiction, that there exists a sequence of smooth polarized varieties (X i , H i ) such that the sequence {τ (X i , H i )} converges to a real number ǫ > 0. Since H i is ample, by Angehrn-Siu [AS95] and the Cone Theorem, we know that 2(K Xi + 2n 2 H i ) is base point free and ample. Let
is pseudo-effective, again by the Cone Theorem. Combining everything, we get that
Thus, if the sequence {τ (X i , H i )} converges to a real number ǫ > 0, then the sequence {τ X i , It would be quite useful to allow the divisor H to be big and nef in Theorem 1.2. Unfortunately, the trick used in the proof above does not work in this more general setting unless we introduce some extra conditions. For many applications, for example see [Tsc03] , it is already interesting to work with Fano varieties, or more generally with varieties with −K X nef. We define F n to be the set of pairs (X, H) where (1) X is a smooth projective variety of dimension n; (2) there exists an effective divisor ∆ on X such that (X, ∆) is klt and −(K X + ∆) is nef, and (3) H is a big and nef divisor on X.
Note that we do not require any extra conditions on the coefficients of ∆. Let Proof. Since H − (K X + ∆) is big and nef, by [Kol93] there exists an integer m, depending only on n, such that mH is base point free. Moreover, by [Kol97] , we can assume that K X + 2mH is pseudo-effective. Let H ′ be a general element of |mH|. Then the set of pairs (X, 1 2 H ′ ) satifies Corollary 3.6.
Density of pseudo-effective thresholds
In this section we will show that Theorem 1.2 does not hold if we assume H to be just a big divisor. The same argument will imply Theorem 1.3. The construction we present here is based on Cutkosky's example of an effective divisor without Zariski decomposition. See [Laz04] for more details.
Let C be an elliptic curve and S := C × C. It is well know that the cone of effective divisors of S is a circular cone. Moreover, Eff(X) = Nef(X). Let C 1 := {p} × C, C 2 := C × {p} and let Γ ⊆ S be the diagonal. Any R-divisor D = xC 1 + yC 2 + zΓ is nef if and only if
Let D and H be two ample divisors. We define
The above equations make particularly easy the computation of σ(D, H) once we know the coordinates of D and H in the cone generated by C 1 , C 2 and Γ.
Cutkosky's idea is to construct threefolds with negative canonical divisor out of this situation. Let X := P(O S ⊕ O S (−H)). We can view S ⊆ X as the zero section of the natural projection π : X → S. By construction we have that K X = −2S + π * (−H). Moreover, the cone Eff(X) is generated by S and by π * Eff(S).
We can now start the construction of the examples. The first thing to do is to find a sequence of divisors (D k , H k ) such that σ(D k , H k ) is an increasing sequence converging to a fixed number. Define
Note that these divisors are ample for any k ≥ 1. It is not difficult to compute
Lemma 4.1. Let D k and H k be as above. Then
Proof. By definition of σ(D k , H k ), we need to find when the divisor tD k − H k hits the boundary of the nef cone. Since
the first equation of the nef cone implies that tD k − H k is one of the root of the polynomial (k(t − 1) + t)(3k(t − 1) + t) = 0. The smaller root t 0 = k k+1 does not give a nef divisor since the sum of the coordinates of t 0 D k − H k is negative. In particular, σ(D k , H k ) is given by the largest root of the polynomial, which in this case is 3k 3k+1 . We choose D k and H k as above so that σ(D k , H k ) has this simple form. Actually most of the choices of D k and H k would lead to an infinite sequence of pseudo-effective thresholds as long as D k ≥ H k and they "converge" asymptotically. Moreover, a general choice will give us an irrational number σ(D, H), since it is a root of a degree 2 polynomial.
Let X k := P(O S ⊕ O S (−H k )) and let M k := 3S + π * D k . Note that M k is big but not nef. By the fact that Eff(X) is generated by S and by π * Eff(S), we have that for k ≥ 3
Thus, we can exhibit a sequence of pseudo-effective thresholds converging to 1. Now Theorem 1.3 can be easily proved.
Proof of Theorem 1.3. Let a > 0 be any rational number. Let X k and M k as above.
The same computation as above shows that, for k large enough, the sequence τ (X k , M ′ k ) converges to a. Taking the product of X k and an elliptic curve, as we did in Theorem 1.2, we can show that the result holds in any dimension greater than 3 as well. 
